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A COUNTEREXAMPLE TO GOUVÊA’S DIMENSION
CONJECTURE
JOHANNES SPRANG
Abstract. In this note we provide a counterexample to a con-
jecture due to F. Gouvêa, which says that the Krull dimension of
the universal deformation ring - as defined by B. Mazur - associ-
ated to an absolutely irreducible residual representation could be
expressed by the dimension of the group cohomology of the adjoint
representation.
1. Introduction
Motivated by H. Hida’s work [Hid86] on certain one-parameter fam-
ilies of p-adic Galois representations attached to ordinary p-adic cusps
forms, B. Mazur lay in his seminal paper [Maz89] the cornerstone for
a systematic study of such families by founding the deformation the-
ory of residual representations of pro-finite groups. In many cases all
such deformations of a residual representation to complete Noetherian
local rings can be parametrized by a universal deformation ring. So
if we want to understand “how many” lifts exist to a given residual
representation, it is very natural to ask about the size of the universal
deformation ring. This question is as old as the deformation theory of
residual representations itself. Already B. Mazur observed in his fun-
damental paper [Maz89] that we can give a lower bound for the Krull
dimension of the universal deformation ring in terms of the group co-
homology of the adjoint representation. The question about equality is
the subject of the “Dimension conjecture” due to F. Gouvêa as stated
in [Gou95, Conjecture 1] and [Gou01, S. 287]:
Conjecture (Dimension conjecture). Let ρ¯ : G → GLn(k) be an ab-
solutely irreducible residual representation of a pro-finite group G such
that the universal deformation ring Runiv(ρ¯) exists. Then we have
Krulldim(Runiv(ρ¯)/p · Runiv(ρ¯)) = h1 − h2
with
h1 := dimkH
1(G,Ad(ρ¯)) and h2 := dimkH
2(G,Ad(ρ¯)).
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Here Ad(ρ¯) denotes the associated adjoint representation given by the
action of ρ¯ on Mn(k) by conjugation.
In this note we will give a counterexample to this conjecture. The
idea is the following: In [Zub87] A.N. Zubkov shows that for p 6= 2
every closed pro-p subgroup of GL2(R) for an arbitrary pro-finite ring
R satisfies some pro-p identity. If we take an appropriate representation
of a pro-finite group G satisfying this relation, there should be hope
that this relation is not seen in the universal deformation ring but
should be seen by cohomology.
By far the most interesting examples in the deformation theory of
residual representations are given by representations of Galois groups
of number fields with restricted ramification. As already pointed out
by B. Mazur in [Maz89], the Dimension conjecture for Galois represen-
tations should be seen as a vast generalization of Leopoldt’s conjecture.
Since our counterexample is constructed from an abstract group it does
not directly touch the question about the Krull dimension of the de-
formation ring in the case of Galois representations, but in a certain
sense it shows which problems have to be taken care of when dealing
with the case of Galois representations.
The idea for this counterexample arose out of my Diploma thesis
under the mentoring of Prof. N. Naumann. I would like to use this
opportunity to thank Prof. N. Naumann for introducing me to the de-
formation theory of Galois representations and for all mentoring advice
during the development of my thesis.
2. The Deformation functor
In this section we recall some basic results from the deformation the-
ory of residual representations. Let p be a prime and k be a finite field
of characteristic p. Fix a continuous representation ρ¯ : G→ GLn(k) of
a pro-finite group G satisfying the following finiteness condition:
(Φp) The pro-p-completion of every open subgroup G0 of G is topo-
logical finitely generated.
Such a representation ρ¯ will be called residual representation. We con-
sider the category C of complete Noetherian local rings with residue
field k. The morphisms of C are homomorphisms of local rings which
induce the identity on the residue field k. A lift of ρ¯ to R ∈ C is a
continuous homomorphism ρ : G → GLn(R) whose reduction modulo
the maximal ideal mR of R coincides with ρ¯. Two lifts of ρ¯ are called
strict equivalent if they are conjugate by an element γ ∈ Γ(R) :=
ker(GLn(R) → GLn(k)). A strict equivalence class of lifts is called
deformation. The deformation functor Dρ¯(R) on C assigns to every
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complete Noetherian local ring R the set of all deformations of a given
residual representation ρ¯. The following result is due to B. Mazur:
Theorem 1 (B. Mazur, [Maz89]). If ρ¯ : G → GLn(k) is absolutely
irreducible and G satisfies the finiteness condition (Φp), then Dρ¯ is
representable.
For such absolutely irreducible ρ¯ the representing objectRuniv(ρ¯) ∈ C
will be called universal deformation ring.
2.1. Deformation of tame representations. If the order of the im-
age of ρ¯ is prime to p the residual representation is called tame. In the
tame case N. Boston developed in [Bos91] group theoretical techniques,
which allow in many cases an explicit calculation of the universal defor-
mation ring. We will recall some of these techniques: In the following
we will fix a non-trivial tame residual representation ρ¯ : G → GLn(k)
of a pro-finite group G satisfying the finiteness condition (Φp). Since
Γ(R) is a pro-p group for every R ∈ C, every lift ρ of ρ¯ to R will factor
through G/N with N defined via the maximal pro-p quotient ker ρ¯/N
of ker ρ¯. For studying all deformations of ρ¯ we may thus assume in the
following without loss of generality that P := ker ρ¯ is a pro-p group. Set
A := imρ¯, then the pro-finite version of Schur-Zassenhaus allows us to
choose a lift σW (k) : A →֒ GLn(W (k)) of the inclusion A →֒ GLn(k) of
the image of ρ¯ to the ring of Witt vectors W (k) of k. Because W (k) is
initial in C, the choice of σW (k) yields compatible lifts σR : A →֒ GLn(R)
for every R ∈ C. Using these lifts we let act A on Γ(R) and P by conju-
gation. The set of all continuous A-invariant homomorphisms from P
to Γ(R) will be denoted by HomA(P,Γ(R)). Now we have the following
result due to N. Boston:
Theorem 2 (N. Boston, [Bos91, (6.1) Proposition]). If ρ¯ : G →
GLn(k) is absolutely irreducible, then there is a natural equivalence
of functors:
HomA(P,Γ(·))→ Dρ¯(·)
3. Auxiliary results: Representations and group theory
For the construction of our counterexample the choice of the image of
the residual representation will be essential. A faithful representation
of the symmetric group S3 will be a good choice:
Lemma 3. Let k be a field of characteristic different form 2, 3. Up
to equivalence there are exactly three (absolutely) irreducible represen-
tations of S3 over k: The trivial 1-dimensional representation 1, the
1-dimensional sign representation ρsign and the faithful two dimensional
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standard representation ρstd : S3 →֒ GL2(k). The adjoint representa-
tion Ad(ρstd) of ρstd is isomorphic to 1⊕ ρsign ⊕ ρstd.
Proof. By assumption the order of S3 is prime to the characteristic of
the field k, thus all representations are semi-simple. Further, the prime
field of k is already a splitting field for S3. Now, all assertions follow
by looking at characters of S3. 
One of the main ingredients of the counterexample is the following
result of A. N. Zubkov:
Theorem 4 (A. N. Zubkov). Let p 6= 2 be a prime and R be a com-
mutative pro-finite ring. There is no continuous injective ring homo-
morphism from a non-abelian free pro-p group onto a closed subgroup
of GL2(R).
Proof. [Zub87, Theorem 4.1] and [Zub87, Theorem 2.1]. 
4. The counterexample
In this section we will give a counterexample to the following con-
jecture of F. Gouvêa:
Conjecture (Dimension conjecture). Let ρ¯ : G → GLn(k) be an ab-
solutely irreducible residual representation of a pro-finite group G sat-
isfying the finiteness condition (Φp) with universal deformation ring
Runiv(ρ¯). Then the Krull dimension of Runiv(ρ¯)/p ·Runiv(ρ¯) is given by
Krulldim(Runiv(ρ¯)/p · Runiv(ρ¯)) = h1 − h2
with
h1 := dimkH
1(G,Ad(ρ¯)) and h2 := dimkH
2(G,Ad(ρ¯)).
Let p 6= 2, 3 be a prime and fix a faithful representation i : S3 →֒
GL2(Fp). Choose compatible lifts σR : S3 → GL2(R) as in 2.1 by
using Schur-Zassenhaus and let S3 act on Γ(R) by conjugation. Let
us consider the ring R := Zp JX1, X2, X3, X4, Y1, Y2, Y3, Y4K and the
elements
X := 1+
(
X1 X2
X3 X4
)
and Y := 1+
(
Y1 Y2
Y3 Y4
)
in Γ(R). Let P be the subgroup of Γ(R) topologically generated by all
S3-conjugates of X and Y:{
i(a)Xi(a)−1 : a ∈ S3
}
∪
{
i(a)Yi(a)−1 : a ∈ S3
}
.
Thus S3 acts continuously on P . We define G as the associated semi-
direct product P ⋊ S3. Since P is a topologically finitely generated
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pro-p group, it is obvious that G satisfies the finiteness condition (Φp).
The absolutely irreducible residual representation
G // // S3

 i
// GL2(Fp)
will be called ρ¯. Now we can state our counterexample:
Example 5. Let p 6= 2, 3 be a prime and ρ¯ : G = P ⋊ S3 → GL2(Fp)
as constructed above. The universal deformation ring of the absolutely
irreducible representation ρ¯ is given by:
R = Zp JX1, X2, X3, X4, Y1, Y2, Y3, Y4K
The universal deformation is induced by the inclusion:
G →֒ GL2(R)
In particular KrulldimRuniv(ρ¯)/pRuniv(ρ¯) = 8. On the other hand we
have:
h1 := dimFp H
1(G,Ad(ρ¯)) = 8 and h2 := dimFp H
2(G,Ad(ρ¯)) ≥ 1
and thus:
KrulldimRuniv(ρ¯)/pRuniv(ρ¯) > h1 − h2
Proof. We use N. Boston’s description of the deformation functor as
HomS3(P,Γ(·)) for tame representations as given in Theorem 2. Let
F be the free pro-p group on two generators x and y and consider the
homomorphism Φ : F → P given by x 7→ X and y 7→ Y. We first
show:
Step 1: We have the following bijection, functorial in R ∈ C:
HomS3(P,Γ(R)) // Hompro-p(F,Γ(R))
ϕ ✤ // ϕ ◦ Φ
Injectivity is obvious since every S3-invariant homomorphism out of
P is determined by the images of X and Y . Conversely let ψ ∈
Hompro-p(F,Γ(R)) be given with
ψ(x) = 1+
(
a1 a2
a3 a4
)
and ψ(y) = 1+
(
b1 b2
b3 b4
)
for ai and bi in the maximal ideal mR of R. The ring homomorphism
R → R given by Xi 7→ ai, Yi 7→ bi induces an S3-invariant homomor-
phism ϕ : GL2(R)→ GL2(R) with (ϕ|P ) ◦ Φ = ψ.
The functor Hompro-p(F,Γ(·)) is clearly represented by R. The fact
that the universal deformation is given as indicated above follows imme-
diately by making the natural equivalences between Hompro-p(F,Γ(·))
and Dρ¯(·) explicit. In particular, we get dimFp H
1(G,Ad(ρ¯)) = 8, since
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H1(G,Ad(ρ¯)) is isomorphic to the Zariski tangent space of the functor
Dρ¯(·). It remains to show:
Step 2: H2(G,Ad(ρ¯)) 6= 0
Since the order of S3 is prime to p, the Hochschild-Serre spectral
sequence yields:
(1) H2(G,Ad(ρ¯)) ∼= H2(P,Ad(ρ¯))S3
Since P acts trivial on Ad(ρ¯), we get an isomorphism of Fp[S3]-modules:
(2) H2(P,Ad(ρ¯)) ∼= H2(P,Fp)⊗ Ad(ρ¯)
Combining (2) and (1) we obtain:
H2(G,Ad(ρ¯)) ∼= HomFp[S3](H
2(P,Fp)
∗,Ad(ρ¯))
As every irreducible Fp[S3]-module occurs in Ad(ρ¯), and since Zubkov’s
theorem implies that H2(P,Fp)
∗ is non-trivial, we can conclude the
non-triviality of H2(G,Ad(ρ¯)).

This gives also an example of an irreducible residual representation
with non-free pro-p kernel having a universal deformation ring without
relations, i.e. a power series ring.
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